Abstract. In this paper we survey the most relevant recent developments on the research of the spectra of algebras of analytic functions. We concentrate mainly in three algebras, the Banach algebra H ∞ (B) of all bounded holomorphic functions on the unit ball B of a complex Banach space X, the Banach algebra of the ball Au(B), and the Fréchet algebra H b (X) of all entire functions bounded on bounded sets.
Introduction
Complex analysis permeates almost any aspect of the mathematics since the early nineteenth century when it was first developed by Cauchy. But it appears that, around 1955, S. Kakutani was the first one to study the space H ∞ (D) of all bounded holomorphic functions on D, the open unit disk of the complex plane, as a Banach algebra. In the immediately following years a group of mathematicians (Singer, Wermer, Kakutani, Buck, Royden, Gleason, Arens and Hoffman) under a joint pseudonym (I. J. Schark [62] ) and in individual papers used this functional analytic point of view to develop the study of many aspects of the theory.
If we consider the space H ∞ (D) as a Banach algebra, a key element is to describe the spectrum M(H ∞ (D)), i.e. the set of all multiplicative linear functionals on H ∞ (D) which is a compact set when endowed with the weak-star topology. The biggest milestone of this early period is the Corona Theorem, given by Newman (in a weak form) and Carleson [26] in 1962, that states that the evaluations at points of D form a dense subset of the spectrum of H ∞ (D).
In the very relevant paper by I. J. Schark [62] published in 1961 we find most of the main problems that has attracted the attention of many researchers to this field since then. Namely, the relationship between the evaluations at points of the open unit disk D with the whole spectrum M(H ∞ (D)), the fibers, the Corona theorem, the size of a fiber, the study of the clusters sets and the image of a fiber by the Gel'fand transform of an element of H ∞ (D), the embedding of analytic disks on a fiber, the existence or not of analytic structure in the spectrum, and even the Shilov boundary (which we are not going to discuss here). Later we will be more precise about some of the above items, but let us mention that the I. J. Schark's paper is probably more important for the questions that it raises than for the results themselves.
On the other hand from the beginning of the eighties of the last century re- In the last years the coauthors of this survey, many times in collaboration with the aforementioned researchers have made some progress to the field under review.
To make a short description of the results presented here we need some notation. If Given a Banach algebra A, the set M(A) (called the spectrum of A) is the family of all continuous linear functionals on A that are also multiplicative (actually the continuity is a redundant condition). Each a ∈ A defines a mapping, called the
Gel'fand transform,â : M(A) → C byâ(ϕ) = ϕ(a).
In Section 2 we review the state of the art about the Corona Theorem. In Section 3, we present the main known results on a weak version of the Corona Theorem, that is called the Cluster Value Theorem both for H ∞ (B) and A u (B). It is important to point out that the spectrum of A u (B) is reduced to the evaluations on the closed unit ball B whenever X is finite dimensional, but many surprising rich structures arise when X is infinite dimensional. In Section 4 we describe the relevant known results about how big is the spectrum of the algebras H ∞ (B) and A u (B).
In Section 5 the Fréchet algebra of analytic functions H b (U ) is introduced.
Again some notation is pertinent. If U is an open subset of a complex Banach space X, then a subset E of U is called U -bounded if it is bounded and has positive distance to the boundary of U . The Fréchet algebra of all holomorphic functions on U that are bounded on U -bounded sets endowed with the topology of the uniform convergence on the U -bounded subsets of U is denoted by H b (U ). If A is a Banach algebra its spectrum M(A) is always a compact set endowed with the restriction of the weak-star topology, but that is not the case for M(H b (U )). Aron, Cole and
Gamelin in a seminal paper in 1991 [5] , made a deep study of that spectrum. The main result in Section 5 is the fact that if the Banach space is symmetrically regular (see inside this section for the definition) then a Riemann analytic structure can be given to M(H b (U )).
Section 6 is devoted to the study of algebras of weighted analytic functions, of which H b (U ) can be considered a particular case. There we survey results about the existence of analytic structure on the spectrum and several properties associated to that situation.
Finally in Section 7 several applications are shown of the use of the spectra of different Fréchet algebras of analytic functions to obtain Banach-Stone type theorems for couple of Fréchet algebras that are algebra isomorphic. Also some very pathological phenomena are described.
The Corona Theorem for H ∞ (B)
Given a set U we denote by B(U ) the Banach algebra of all bounded mappings f : U → C, endowed with the supremum norm f ∞ = sup{|f (x)| : x ∈ U }.
Consider a closed subalgebra A of B(U ). For each x ∈ U , we can define the evaluation at x as δ x (f ) = f (x), for f ∈ A, which is a homomorphism on B(U ).
We will denote ∆(A) = {δ x : x ∈ U } Following Newman (1959) [57] , the set M(A) \ ∆(A) Even though we formulated the Corona problem in full generality, in this paper we are going to restrict ourselves to the case in which U is a bounded open subset of a complex Banach space X, and A is a Banach algebra of bounded holomorphic functions on U , endowed with the supremum norm. We will always assume that
A contains both the constant functions and the dual X * of X. Actually the main two cases we want to discuss here are H ∞ (B) and A u (B). Another Banach algebra that will be of interest is A a (B), the subalgebra of A u (B) of all approximable holomorphic functions. In others words A a (B) is the closure in A u (B) of the algebra generated by the constant functions and X * . If X is finite dimensional then A a (B) = A u (B), but in general they are different: for example A a ( 2 ) is a proper subalgebra of A u ( 2 ).
Take a Banach algebra A, with A a (B) ⊂ A ⊂ H ∞ (B) (endowed with the supremum norm). Since X * is always included in A a (B), we can define π :
i.e., π(ϕ) is the restriction of the homomorphism ϕ to Xand topological) isomorphism of H b (X) and a closed subalgebra of H b (X * * ). The following result by Davie and Gamelin (1989) 
We also have f g =fg for f, g ∈ H ∞ (B).
An immediate consequence is that the mappingδ : A → C defined by
is a (continuous) homomorphism on A, andδ z ∈ M z (A) for each z ∈ B * * . We will address later questions about the size of the fibers, but let us say here that in 1991 Aron, Cole and Gamelin in [5, 11.1 Theorem] proved that on an infinite dimensional space X, the fiber M z (H ∞ (B)) is infinite for every z in B * * .
In the one variable problem, the Banach space under consideration is C. The linear function z → z is then a basis of the dual of C. Hence the mapping π :
where z is the Gel'fand transform of the mapping z → z. Schark proved the following (easy result). It was also shown that π is one to one on ∆, and as a consequence π −1 (a) = δ a for every a ∈ D. 
for some δ > 0 and every z ∈ D. Then the ideal generated by There are many positive partial answers. For example Stout [64] gave a proof of the Corona Theorem for finitely connected domains in C. M. Behrens [9] was the first to find a class of infinitely connected domains in the complex plane for which the Corona Theorem holds. Later in 1985, J. B. Garnett and P. W. Jones [47] proved the Corona Theorem for Denjoy domains and that was extended in 1987 by C. N. Moore [55] to domains U = C \ K where K is a compact subset of a C 
, and moreover
Hence the evaluations at elements of the bidisk D 2 are elements of
On the other hand, if δ zα is a net in ∆(R) that weak-star converges to δ z , with z ∈ C 2 , it follows that z α is convergent to z in C 2 . As a consequence, the evaluations at elements of R cannot be dense in M(H ∞ (R)) and the Corona 
In other words, There are two key properties of the cluster sets. The first one is the following.
By the mentioned J. I. Schark's results, if we take an interior point a ∈ D and
When dealing with infinite dimensional Banach spaces, the cluster set can be 'as big as possible', as the next example given in [4] shows. Take X an infinite dimensional Hilbert space and let {λ n } ⊂ D be a sequence which is dense in the closed unit disk D. Define f (x) = λ n (x n ) 2 , where the x n 's are the coordinates of x with respect to some orthonormal subset {e n } of X. It is clear that f is a two-homogeneous entire function and, in particular, The second key property of cluster sets is given by the next proposition, which is a consequence of the compactness of the spectrum. 
Note that this proposition, together with the example above of the 'big cluster set', shows that the fiber M 0 (A u (B)) is infinite for any infinite dimensional Hilbert space (this is a particular case of [5, 11.1 Theorem] ).
In [4] the following concept is introduced. A Cluster Value Theorem at x ∈ B * * for the algebra A is a theorem that asserts that
We will say that the Cluster Value Theorem holds for the algebra A if it holds for every x ∈ B * * . An interesting consequence of Proposition 3.3 is that whenever the Cluster Value Theorem holds at x ∈ B * * for A, the fiber M x (A) is connected (see 
where each U j is a bounded open set in C. Then for every f ∈ H ∞ (U ) and every ) and every 
. . , g n ∈ H such that
As we said before, since nothing positive is known for the Corona Theorem As a consequence, the Cluster Value Theorem is valid at 0 for Banach spaces with a 1-unconditional shrinking basis. We recall that a basis (e j ) in a Banach
for every x j ∈ C, every a j ∈D (j = 1, . . . , n) and every n ∈ N. A basis (e j ) in a Banach space X is called shrinking if the associated linear forms (e * j ) form a basis of X * . 
The solution is complete for the case of a Hilbert space. 
Since in the reference above the proof is given only for the case of separable
Hilbert spaces, let us show how to prove the theorem as a direct consequence of Proposition 3.10 along the same lines of the proof of the separable case. Let (e i ) i∈I be a maximal orthonormal system in X. Then, by the Bessel inequality, for each finite subset J ⊂ I, the operator
is a norm-one projection. The sets
form a basis of weak neighborhoods of 0 in B. Any weak neighborhood W of 0 in B contains U ε,J for some ε and J, which in turn contains the unit ball of KerP J . This is a finite codimensional subspace with a norm-one projection, so we can use (i.e., does it hold for x ∈ B, x = 0?)
does the Cluster Value Theorem hold for
4. The size of the fibers and cluster sets for some algebras of bounded analytic functions
In this section, we address the subject of the size of the fibers. We deal first with the case A u (B). In Section 2 we saw that evaluation at points in B * * are continuous homomorphisms on any algebra between A a (B) and H ∞ (B). As a consequence, we have
whereδ z was defined in (2.2). Here points in the unit sphere of the bidual X * * are included due to the fact that if f ∈ A u (B), then its Aron-Berner extensionf is uniformly continuous on B * * . Hence, if X is not a reflexive space the spectrum In order to show that these adherent points form such a set they make use of homogeneous polynomials of degree m ≥ p of the form
It is clear that these polynomials belong to A u ( p ), and that functions in A u ( p ) can be evaluated in the e j 's. Thus, we can follow their example to show that M 0 (A u (B p )) contains β(N) \ N. Actually, the same result is true for M x (A u (B p )) for every point x ∈ B p .
Recall that a point x ∈ B * * is a peak point for A a (B) if there exists g ∈ A a (B) such that g(x) = 1, and |g(y)| < 1 for y ∈ B * * , y = x. In this case, the function g is said to peak at x (see [34] ). The spaces p , 1 < p < ∞, are all smooth. Hence, every x in the unit sphere of p is a peak point, the corresponding g being a continuous linear form attaining its norm at x. Then, as consequence of the following Theorem, On the other hand, the fiber of M(H ∞ (B)) at points of B are reduced to singletons (the evaluation at that point), and the rich structure of this spectrum appears only in the boundary, just the opposite situation from the case of M(A u ( p )).
In the case of H ∞ (B), for B the unit ball of an infinite dimensional Banach space X, we have already pointed out that fibers are always infinite sets. Now we precisely state this result, due to Aron, Cole and Gamelin. Up to now, we have only addressed the question of the cardinality of the fibers.
Let us see now that fibers have also topological structures that also give information on their sizes. Given any Banach algebra A of bounded analytic functions on B containing X * , a mapping ψ : D → M(A) is said to be analytic iff • ψ is analytic on D for every f ∈ A. We say that there is an analytic embedding of a disk in a fiber Then, passing to a subsequence, we can find a sequence of analytic disks λ → z k (λ)
extends to an embedding that is shrinking, with associated functionals (e * j ) satisfying that there exists a positive integer N ≥ 1 such that 
(see [34, chapter VI]). is the ultrapower of copies of p along U.
The spectrum of H b (U )
To obtain information about the algebra H ∞ (B) and its spectrum M(H ∞ (B)),
Aron, Cole and Gamelin found it useful to study the algebra H b (X) and its spectrum M(H b (X)). We recall that H b (X) is the algebra of complex valued entire functions on X which are bounded on bounded sets, which is a Fréchet algebra when endowed with the topology of uniform convergence on bounded sets. Let us
give an informal account of the relationship between M(H ∞ (B)) and M(H b (X)).
For this, we turn back to the one dimensional case. We note that if H(C) is the algebra of all holomorphic functions on the complex plane (with the topology of uniform convergence on compact sets), then its spectrum M(H(C)) easily identifies with C. The continuous embedding
With the identification M(H(C)) C, we can see that ρ is nothing but the projection π already defined in (2.3). In the infinite dimensional setting, entire holomorphic functions are not necessarily bounded on the unit ball. However, we do have a continuous embedding
given by the restriction map. As a consequence, we have a projection
In general, ρ does not coincide with the projection π defined in (2.1), since M(H b (X)) is usually much larger than X * * . One might say that the one-dimensional case π has two possible extensions to the infinite dimensional case: the projections π from (2.1) and ρ from (5.1). A good knowledge of M(H b (X)) will then provide information on the structure of M(H ∞ (B)) via the mapping ρ.
To be more precise, for
where f rB is the supremum of |f | over rB. Analogously, we can define the radius
), in which case we always have R(ψ) ≤ 1. The following result of Aron, Cole and Gamelin relates both spectra:
Moreover, ρ is one to one between {ψ ∈ M(H ∞ (B)) : R(ϕ) < 1} and {ϕ ∈
Note that the set {ϕ ∈ M(H b (X)) : R(ϕ) 1} plays here the same role as the closed unit disk D in Theorem 2.3.
In order to understand the spectrum of H b (X), symmetric regularity turned out to be a fundamental concept. Let us first recall the notion of regularity. Let
A : X × X → C be a continuous bilinear function. Fix x ∈ X and for w ∈ X * * let (y β ) be a net in X weak-star convergent to w. Since A(x, −) ∈ X * then there exists lim β A(x, y β ) :=Ā(x, w). Now, fix w ∈ X * * and for z ∈ X * * let (x α ) be a net in X weak-star convergent to z. SinceĀ(−, w) ∈ X * then there exists 
What is imposed in this definition is that the extension of a bilinear function
A(x, y) to X * * × X * * obtained by extending A weak-star continuously first with respect to x and then with respect to y coincides with the extension of A(x, y) to X * * × X * * obtained by extending weak-star continuously first with respect to y and then with respect to x.
This concept was introduced by Arens [2] in 1951. He defined in a natural way two products on the bidual X * * of a Banach algebra X, each being an extension of the product of X. These two products are known as the Aren's products. The coincidence of these gives the concept of regularity. One of the most important reasons to study regularity is that this allows to pass the commutativity from X to the bidual X * * .
The Banach space X will be said to be symmetrically regular if the above In 1991, Aron, Cole and Gamelin [5] proved the following characterization of symmetrically regular spaces.
Theorem 5.3. For a Banach space X the following are equivalent:
(1) X is symmetrically regular.
(2) Every continuous symmetric linear operator from X to X * is weakly compact (an operator T : X → X * is symmetric if T x, y = x, T y for all
x, y ∈ X).
(3) For all symmetric continuous bilinear forms A, the extensionÃ is separately weak-star continuous.
(4) For all symmetric continuous n-linear forms A, the extensionÃ is separately weak-star continuous.
Let us recall that by [3] every function in H b (X) extends to a holomorphic function on the bidual. Thus, to each point z in X * * we can associate a homomorphismδ z , byδ z (f ) =f (z), wheref is the Aron-Berner extension of f . Then we
Of course, we can continue this Aron-Berner procedure to obtain extensions of the original function to any even dual of X. In particular, for each element ξ of the There are, however, some arguments against this way to understand the envelope.
For example, uniqueness of extensions is a property enjoyed by the usual definitions of envelopes and, as commented in [24] , extensions to the bidual are never unique for nonreflexive spaces. Indeed, since X is a proper closed subspace of X * * , it is contained in the kernel of some non-zero functional η ∈ X * * * . As a consequence, if f is the Aron-Berner extension of f , the function f + p • η is an extension of f to X * * for any one-variable polynomial, and each polynomial gives a different extension. We will turn back to this question later.
As in the finite-dimensional case we have the following picture
where, as usual, δ is the point evaluation mapping and π is defined by π(φ) = φ| X * ∈ X * * , φ ∈ M(H b (X)). For each z ∈ X * * define τ z : X −→ X * * by τ z (x) = x + z for all x ∈ X. This mapping induces a type of adjoint τ φ ∈ M(H b (X)). So, the question is now: Is {V (ϕ, R), R > 0} a neighborhood basis of ϕ?
The answer is positive when X is symmetrically regular. Fix ψ ∈ V (φ, R) and put w = π(φ). We have
where B(w, R) is the open ball of radius R centered at w. Is there S > 0 so that
Now, taking v ∈ X * * such that v < R − r we would like to have 
, for all z ∈ X * * , and J X is the natural embedding.
Looking at the vector valued case, Zalduendo [65] in 1990 presented the space U ) ) is essentially the same: to go 'down' to X * * with π, take some ball centered on π(φ) and then to go 'up' again to define a neighborhood of φ. However, the problem gets technically more complicated. We sketch now roughly the construction of the neighborhoods, given in [7, Section 2] .
. For a function f we consider the Taylor expansion at a point x, denoted ∞ n=0 P n,x . IfP n,x denotes the extension of each polynomial to X * * , for each fixed z ∈ X * * we can consider the mapping x ∈ U P n,x (z). It is shown that this mapping is in H b (U ) and then if z < 1 r the expression
For m ∈ N with m > r we consider the set The key point of the proof is to show that (φ z ) w = φ z+w . This goes through calculating the Taylor series expansion of the function x P n,x (z) and using the symmetric regularity of X.
We end this section with some comments on the envelope of 
The sets thus constructed turn out to be a basic neighborhood system for a Hausdorff topology, and this makes π −1 (X) a Riemann domain spread over X, with π| π −1 (X) the local homeomorphism. Now we present the characterization of the Whenever U is balanced, there is a simple description of its H b -envelope. For E a U -bounded set, its polynomially convex hull is defined by
Now we can define the polynomially convex hull of U as (5.5)
where the union is taken over all U -bounded sets E. It is clear that the union could also be taken over a fundamental sequence of U -bounded sets.
Theorem 5.14. [24, Theorem 2.2] Let U be an open balanced subset of a Banach space X. Then U P is the H b -envelope of U . Moreover, any f ∈ H b (U ) extends to a holomorphic functionf on U P which is bounded on E P for every U -bounded set E.
Weighted algebras of holomorphic functions
Given an open set U ⊂ X, we consider a countable family 
It is worth mentioning that, since each · v is a seminorm and the family V is countable, we are dealing with Fréchet spaces and (when that is the case) Fréchet algebras.
Given a weight v, the associated weightṽ was defined in [12] bỹ
. Definition 6.1. [43] We will say that a family of weights satisfies Condition I if for every U -bounded set E there exists some v ∈ V such that inf x∈E v(x) > 0.
It is well known that

If Condition I holds, then HV (U ) is continuously included in H b (U ).
On HV (U ) as an algebra and its spectrum. In [25, Proposition 1]
a characterization is given of when is HV (U ) an algebra. 
The problem of establishing if a weighted space of functions is an algebra was considered by L. Oubbi in [58] for weighted spaces of continuous functions. In that setting, CV (X) is an algebra if and only if for every v ∈ V there are C > 0 and
Let us note that for holomorphic functions, since w ≤w, if (6.2) holds then HV (U )
is an algebra. On the other hand, if the family V consists of weights satisfying that there is a constant C so thatṽ ≤ Cv (such weights are called essential ), then Proposition 6.3. Let X be a Banach space and v a weight defined by v(x) = ϕ( x ) for x ∈ X (ϕ as above). Thenṽ(x) =φ( x ) for all x ∈ X, whereφ is one-dimensional weight associated to ϕ(| · |) (the radially extension to C of ϕ, i.e.
ϕ(z) = ϕ(|z|) for z ∈ C).
As a consequence, v is essential or equal to its associated weight if and only if so is ϕ (as a weight on C).
In order to give the spectrum of HV (U ) an analytic structure, we need to introduce some conditions on the weights.
Definition 6.4. We will say that a family of weights V has good local control if it satisfies Condition I, X * is contained in HV (U ) and for each v ∈ V there exist s > 0, w ∈ V and C > 0 so that
v(x) ≤ Cw(x + y) for all x ∈ supp v and all y ∈ X with y ≤ s. (6.4) Here B X (0, s) stands for the closed ball of X centered at 0 and radius s.
If U = X then (6.3) is trivially satisfied. On the other hand, if we define weights (6.5) v n (x) = ϕ( x ) 1/n , n ∈ N then condition (6.4) translates into restrictions on the decreasing rate of ϕ.
Proposition 6.5. The family of weights defined in (6.5) has good local control if and only if there exist α ≥ 1 and s > 0 such that
Condition (6.6) is clearly satisfied if ϕ is such that
for some constant C > 0 and all t, s.
If U ⊂ X is a bounded, open set and V is a family of bounded weights, it is easy to check that if V satisfies (6.3) then HV (U ) = H b (U ). The condition that the weights be bounded is an extra hypothesis, but it is actually fulfilled by all usual examples. Thus, we will always consider unbounded sets.
The following examples of families having (or not) good local control can be found in [23] Example 6.6.
(1) In [43, Example 14] a family of weights V is defined so that HV (U ) = H b (U ). Obviously, this family V has good local control.
(2) The function ϕ(t) = e −t obviously satisfies (6.7).
(3) The function ϕ(t) = e −e t satisfies (6.6) but does not satisfy (6.7).
(4) Let (a n ) n be a sequence such that a n ≥ 0 for all n, a 0 > 0 and
Then the function defined by
.
satisfies (6.6).
Examples of sequences satisfying this condition can be constructed by taking p n+1 ≥ p n > 1 and defining a n = 1 n! pn (e.g. a n = 1 n! p or a n = 1 n! n ). Obviously, for a n = 1 n! we get ϕ(t) = e −t .
(5) The function ϕ(t) = e −e t 2
does not satisfy (6.6) (This shows that condition (6.6) implies that the function ϕ cannot decrease 'too fast'). for 0 < λ ∈ Q and the family of weights V = {v λ }. This family has good local control and satisfies condition (6.2). (i) p is continuous and subharmonic.
(ii) log(1 + |z| 2 ) = o(p(z)).
(iii) There exists C ≥ 1 such that for all y ∈ C sup |z−y|≤1
and hence (iv) p(x + y) ≤ Cp(x) + C for all x ∈ C and all y ∈ C with |y| ≤ 1.
The algebra A 0 p = HV (C) defined by this family is considered in [10, 19, 54] . Actually, in [10, 19] , condition (iii) is replaced by
that also implies (iv). 
HV (U ) is a Fréchet algebra and the sequence V = (v n ) n has good local control.
(9) Let X 1 , X 2 be two Banach spaces, X = X 1 ⊕ p X 2 and U = X 1 ⊕B X2 (0, R),
where B X2 (0, R) stands for the open ball of X 2 centered at 0 and radius R. We choose a strictly increasing sequence (b n ) n such that b n > 0 for all n and lim n b n = R. We consider ψ n such that
, R] and ψ n is linear on [b n , b n+1 ] and take ϕ satisfying (6.6). Then we define weights by
The family V = (v n ) n has good local control and HV (U ) is a Fréchet algebra.
If U is an unbounded open subset of a symmetrically regular Banach space X and the family V has good local control then an analytical structure can be defined on M(HV (U )). The idea is similar to the one described above to define the structure on M(H b (U )). Let us recall that the first step is to define, for given φ ∈ M(HV (U )) and z ∈ X * * , some φ z ∈ M(HV (U )). The key point to do this is the fact that the mapping x ∈ U P n,x (z) is again in the algebra (now HV (U ))
for every function f ∈ HV (U ) with Taylor expansion at x given by f = ∞ n=0 P n,x . This follows from [23, Lemma 2.10] from which if V has good local control, then for each v there exist positive numbers C and s and w ∈ V (coming from (6.3) and (6.4)) such that x P n,x (z) v ≤ C f w for every z < s and every n. With this, the mapping φ z :
element of M(HV (U )) for every z < s that moreover satisfies π(φ z ) = π(φ) + z.
In this way, the analytical structure of M(HV (U )) can be defined. good local control such that HV (U ) is a Fréchet algebra. Then, the family
where ε < s for some s > 0 depending on φ ∈ M(HV (U )), forms a basis of neighborhoods of a Hausdorff topology on M(HV (U )). Furthermore, π : M(HV (U )) → X * * gives a structure of a Riemann analytic manifold on M(HV (U )).
6.2. Extensions to the bidual. As it happens for H b (X), the description of the spectrum can be simplified in the case of entire functions. When we look for such a simplification for M(HV (X)), we face the following problem. The weights in the family V are defined only on X, but we need to extend the topology defined by V to the bidual, in order to get a weighted algebra of holomorphic functions on X * * that behaves well with respect to the Aron-Berner extension. The first step to solve the problem is to extend weights to the bidual. In this section the weights are assumed to be bounded and that each of them satisfies Condition I.
Definition 6.8.
[23] Given a weight v on X. We define, in the spirit of the associated weight, the associated extension
for z ∈ X * * , wheref is the Aron-Berner extension of f . Note thatv(x) =ṽ(x) whenever x belongs to X.
This definition and the next results appear in [23, 3. Extensions to the bidual and the spectrum of HV(X)]. It is important to point out that in that paper it is implicitly used that for each weight v, {v} satisfies Condition I, to make sure that inclusion Hv(X) ⊂ H b (X) holds. As a consequence given f ∈ Hv(X) there exists its Aron-Berner extension to X * * . A second consequence of thatv(z) > 0 for all z ∈ X * * .
Proposition 6.9. Let v be a weight on X andv be its associated extension to X * * . For each f ∈ Hv(X) we have thatf belongs to Hv(X * * ) and
In other words, the Aron-Berner extension is an isometry from Hv(X) into Hv(X * * ). These extensions also preserve some good properties of the original family, as the following theorems show.
Theorem 6.10. If the family V of weights on the symmetrically regular Banach space X satisfies condition (6.4), then so does the familyV = {v : v ∈ V }. Definition 6.11. A family V of weights on X is said to satisfy condition ( ) if there exists s > 0 such that, for any v ∈ V , we can find C > 0 and w ∈ V for which v(x) ≤ Cw(x + y) for all x, y ∈ X, y < s. We will say that the family V has excellent local control when it satisfies all the conditions involved in the good local control, but changing condition (6.4) to condition ( ).
Theorem 6.12. If the family V of weights on the symmetrically regular Banach space X satisfies condition ( ), then so does the familyV = {v : v ∈ V }.
So we have:
Corollary 6.13. Let V be a family of weights on X satisfying condition ( ) and suppose X is symmetrically regular. For each z ∈ X * * , the mapping τ z :
Now we are ready to simplify the description of M(HV (X)) for X symmetrically regular and V with excellent local control. Indeed, given φ ∈ M(HV (X))
we can give an alternative definition of φ z that works for all z ∈ X * * . First, let
(because so is the Aron-Berner extension) and, as we have shown, is continuous, we conclude that J φ (z) belongs to M(HV (X)).
Since X is symmetrically regular, we have τ z +z (g) = τ z • τ z (g) for all z, z ∈ X * * and all g ∈ H b (X) [ 
and all f ∈ HV (X). With this fact, the following lemma can be proved.
Lemma 6.14. If X is a symmetrically regular Banach space and V is a countable family of weights with excellent local control such that HV (X) is a Fréchet algebra, then the mapping
is bicontinuous into its image (in fact, J φ is bianalytic), when M(HV (X)) is endowed with the analytic structure provided by Theorem 6.7.
As a consequence of Lemma 6.14 we have an analytic copy of X * * in the Theorem 6.15. Let X be a symmetrically regular Banach space and V a countable family of weights on X with excellent local control such that HV (X) is a Fréchet algebra. Then, M(HV (X)) is a disjoint union of analytic copies of X * * . Each copy is given by {φ • τ z : z ∈ X * * } for some φ ∈ M(HV (X)), where τ z f (x) =f (x + z)
for all x ∈ X, z ∈ X * * and f ∈ HV (X).
Homomorphisms between algebras
We recall that the space of approximable polynomials P a ( m X) (m ∈ N) is the closure in the space P Dineen [29] raised in 1988 the following question. (
As a corollary, we have It should be noted that this Corollary also holds if we replace the regularity assumption on X by symmetric regularity of both X and Y , applying Theorem 7.2 instead of Theorem 7.3. In [21, Proposition 1] it is shown that if X is regular and X * ∼ = Y * , then Y is also regular. As a consequence, one might think that for dual isomorphic spaces, the hypotheses of symmetric regularity on both spaces is somehow weaker that the regularity of one of them.
It is a remarkable thing that some of these results can be deduced from a variant of the following lemma from the article by Aron, Cole and Gamelin [5] .
Lemma 7.5. Suppose X is symmetrically regular. If T : X * → X * is linear and continuous, the composition operator
invariant. 
As a consequence, if X * ∼ = Y * and T is the isomorphism, the composition operator associated to T * turns out to be an isomorphism from H b (Y ) to H b (X) (its inverse being the composition operator associated to (T −1 ) * = (T * ) −1 . Also, since T is linear, these composition operators map homogeneous polynomials to homogeneous polynomials of the same degree. Therefore, it induces isomorphisms between the spaces of m-homogeneous polynomial for every m. These isomorphisms are clearly isometric if so is T .
In [22] a kind of converse problem is studied. The purpose there is to study Banach-Stone type theorems for algebras of holomorphic functions of bounded type.
In a more precise way: given two open sets U ⊂ X and V ⊂ Y and two Fréchet algebras F(U ) and F(V ) of holomorphic functions of bounded type on U and V respectively, the question is the following: if F(U ) and F(V ) are topologically isomorphic algebras, can we conclude that X and Y (or X * and Y * ) (or X * * and Y * * ) are topologically isomorphic?
A naive way to face the problem is the following. Suppose U = X and V = Y .
If B : F(X) −→ F(Y ) is a topological isomorphism of algebras, then its transpose
is another topological isomorphism, either for the strong or the weak-star topologies.
Since B is multiplicative, if we consider its restriction to the spectrum of F(Y ),
we obtain a bijective map
which is, actually, a homeomorphism (the topology in the spectrum is the restriction of the weak-star topology). For x ∈ X we denote by δ x , as always, the evaluation at x. Clearly, {δ x : x ∈ X} ⊂ M(F(X)) and {δ y :
One may hope that θ B maps evaluations in evaluations and, moreover, that
is a bijection. Hence we can define g : Y −→ X by g(y) := x where
We have
for all f ∈ F(X) and all y ∈ Y , so we obtain
and B is a composition operator. If we can do the same with B −1 , we obtain a function h from X to Y which will be the inverse of g. Once g and h are defined, one has to show that they have good properties, which are usually related to the properties of the functions in F, and our Banach-Stone theorem is done. So, an important task in [22] is to clarify the relationship between topological homomorphisms (and, particularly, isomorphisms) of algebras of analytic functions and composition operators. The problem is that, in general, we do not have something like (7.1), since the mapping θ B does not map evaluations in evaluations.
A Banach-Stone type theorem in several complex variables was proved by Cartan in the forties: given two complete Reinhardt domains U and V in C n (i.e., Aizenberg and Mityagin [1] proved that for any two bounded complete Reinhardt domains U and V , the spaces H(U ) and H(V ) are topologically isomorphic. It is well known that the Euclidean unit ball and the unit polydisk in C n are two bounded complete Reinhardt domains that are not biholomorphic. As a consequence, to obtain the kind of results we are looking for, we must consider only topological algebra isomorphisms.
7.1. Homomorphisms on H w * u (U ) and H wu (U ). Let U ⊂ X * be open.
We will denote by H w * u (U ) the space of holomorphic functions f : U −→ C that are uniformly w(X * , X)-continuous on U -bounded sets. As H w * u (U ) is a closed subalgebra of H b (U ), it is again a Fréchet algebra endowed with the topology of the uniform convergence on U -bounded subsets.
, we can define, as always, a projection
We also define, for each n, the following U -bounded set.
The family (U n ) n is a fundamental sequence of U -bounded sets (i.e. given a Ubounded subset E of U there exists n such that E ⊂ U n ). We also define
which is an open subset of X * containing U . we have
where Γ stands for the absolutely convex hull. In particular, if U is a convex and balanced open set of X * , then π(M(H w * u (U )) = U .
Let U be an open subset of X * and B = (B n ) ∞ n=1 a countable family of weakstar closed U -bounded sets satisfying ∪ ∞ n=1 B n = U and such that for each n there is ε n > 0 with B n + ε n B X * ⊂ B n+1 . We define the Fréchet algebra . If B is a fundamental sequence of U -bounded sets, then we have H Bw * u (U ) = H w * u (U ) algebraically and topologically. This algebra looks rather artificial and gives results of apparently partial character. But it is introduced in [22] because it allows to give a full answer in the class H wu (U ), which we define below. In next proposition, U n stands for the set defined in (7.2). This proposition is a generalization of a result by R. M. Aron and P. Rueda for entire functions in [8] . The next theorem is a first answer to the questions for the algebras H w * u . The naive approach to the problem studied in this section showed that homomorphisms between our algebras of holomorphic functions were very close to composition operators. Theorem 7.9 shows that, indeed, they are composition operators, but only when we look at them as homomorphisms between algebras of holomorphic functions defined on the bigger open sets U and V defined in (7.3).
To simplify the notation we will write g ∈ H w * u (Ṽ ,Ũ ) whenever g is holomorphic,
g is weak-star to weak-star uniformly continuous onŨ -bounded sets and such that g mapsŨ -bounded sets intoṼ -bounded sets.
boundedly-regular open set and F :
is a continuous multiplicative operator, then the mappinĝ
homomorphism. If additionally U is balanced and boundedly-regular, then F is an algebra isomorphism if and only ifF is an algebra isomorphism. • is the norm interior of the weak-star closure of U in X * * (see [22] 
, where w * refers to w(X * * , X * ) topology andf is the Aron-Berner
is a continuous multiplicative operator we definẽ 
In this case, we have that X * and Y * must be isomorphic Banach spaces.
As a consequence of the result of Lassalle and Zalduendo [52] approximable. There exists a topological algebra isomorphism F :
if and only there exists a biholomorphic function g ∈ H w * u (V replaced by a more suitable one. In order to describe that set we first define, for each U -bounded E,
whereP is the Aron-Berner extension of P . Now we define what can be seen as an extension of the polynomially convex hull of U (5.5) to the bidual:
where the union is taken over all U -bounded sets E (or over any fundamental sequence of U -bounded sets). So Corollary 7.15 holds for balanced sets if we use
Some words about U P are in order. For a balanced set U , the polynomially convex hull U P is the largest domain to which every function in H b (U ) has a unique analytic extension (Theorem 5.14). The set U P has the following property: it is the larger domain in X * * to which each function in H b (U ) has a unique analytic extension which coincides locally with its Aron-Berner extension. As a consequence, (2) The algebras of germs H(K) and H(L) are topologically isomorphic.
Now we face the far more difficult situation in which we do not assume that every continuous polynomial on X * * is approximable, and we are going to restrict ourselves to the case of entire functions of bounded type. All the following results can be found in [22] . Recall that for a symmetrically regular X, the spectrum of M(H b (X)) is a disjoint union of analytic copies of X * * . The following theorem can be seen as a complicated version of the naive approach. Then there exists an (m + 1)-homogeneous polynomial P : X → X such that θ F P is not continuous.
Theorem 7.20. Let X be a symmetrically regular Banach space with a weakly null symmetric basis (e j ) j and suppose there exists a homogeneous polynomial Q such that lim j Q(e j ) = 0. Then there exists a biholomorphic polynomial g : X → X such that the composition algebra isomorphism F g : H b (X) → H b (X) given by F g f = f • g induces a non-continuous θ Fg .
We end this subsection by defining a class of operators that contain the composition ones. We will say that F :
is an AB-composition homomorphism if there exists g ∈ H b (Y * * , X * * ) such that F (f )(y * * ) =f (g(y * * )) for all f ∈ H b (U ) and all y * * ∈ Y * * . Where againf stands for the Aron-Berner extension of f . The following result characterizes the spaces for which every homomorphism is an AB-composition one.
Corollary 7.21. Let X be a symmetrically regular Banach space. If X * has the approximation property, the following are equivalent:
(1) Every polynomial on X is weakly continuous on bounded sets. This is a weighted algebra defined by the family of weights v n = e − x /n , with n ∈ N. Note that every polynomial belongs to Exp(X). However, we will see that it is not necessary that polynomials be approximable to obtain positive results.
Next lemma has no analogous for H b (X), and is probably the basis of the good behavior of the algebra Exp(X).
Lemma 7.22. Let F : Exp(X) −→ Exp(Y ) be an algebra homomorphism. Then F x * is a degree 1 polynomial for all x * ∈ X * (i.e. F maps linear forms on X to affine forms on Y ). The following theorem should be compared to Corollary 7.16, where polynomials on X * * were assumed to be approximable to obtain the analogous result. (1) There exist φ ∈ M(Exp(X)) and T : Y * * −→ X * * affine and w * -w * -continuous so that F f (y) = φ(f (· + T y)) for all y ∈ Y , wheref is the Aron-Berner extension of f .
(2) θ F is continuous. 
